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Abstract

We consider the classification of fractal square dendrites K based on the types of the self-similar boundary
OK and the main tree v of such dendrites. We show that the self-similar boundary of a fractal square
dendrite K may be of 5 possible types and may consist of 3,4 or 6 points. We prove that the main trees of
fractal square dendrites belong to 7 possible classes. Bearing in mind the placement and orders of the points
of 0K with respect to the main tree -, this results in 16 possible types of main trees for non-degenerate
fractal square dendrites.
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1. Introduction

Fractal squares may be considered a special self-similar case of self-affine Bedford-McMullen carpets
[2, 15]. The later ones were defined in 1984 but the first examples of fractal squares such as Sierpinski
gasket, Sierpinski carpet, and Viczek fractal appeared long before that time and are well known.

Bedford-McMullen carpets and Sierpinski sponges were intensely studied in recent decades, and this
study was concentrated mainly on dimension problems [8, 9, 16, 17]. Fractal squares are simpler and more
convenient. They are the self-similar sets that satisfy the open set condition. The Hausdorff dimension of
a fractal square is equal to its similarity dimension and box dimension, and each fractal square has finite
positive measure.

Since 2008, L. L. Cristea and B. Steinsky [4, 5, 6, 7] studied labyrinth fractals, a class of fractal squares
that were dendrites. Moreover, this class admitted a composition operation, which allowed to consider
random labyrinth fractals.
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Topological structure of fractal squares was studied by K.-S. Lau, J. J. Luo and H. Rao [13]. They
subdivided the fractal squares into 3 types, depending on the topology of the complement H = R?\ (Z2 + K)
of a given fractal square K C [0,1]? in the plane R% As it follows from this work, if H has a unique
unbounded connected component, then K is totally disconnected, if H contains infinitely many unbounded
components, then all components of K are parallel line segments or one-point components, and if H has no
unbounded components, then K has a connected component, different from a point or a line segment.

Recently Xiao [20] gave a complete characterization of fractal squares that have a finite number of
connected components.

The central result of the paper is the classification of fractal square dendrites by the type of their main
trees (Theorem 6.2). Each fractal square dendrite K is post-critically finite and therefore it has a finite
self-similar boundary 0K. The minimal subdendrite v C K, which contains 0K is called the main tree of
the dendrite K (Definition 2.11). Our Theorem 6.2 states that the main trees of fractal square dendrites
belong to 7 types.

In Section 3 we consider the intersections of pieces of a fractal square and find the finiteness conditions
for such intersections. In Section 4 we prove that there are 5 boundary types for fractal square dendrites.
In Section 5 we find which combinations of pieces are forbidden and which ramification orders are permitted
for each boundary type, which yields the main result in Section 6.

2. Preliminaries

2.1.  Self-similar sets

Definition 2.1. Let 8§ = {51,... m} be a system of contraction similarities in R™. A non-empty compact
set K satisfying the equation K = U Si(K) is called the attractor of the system 8 or the set that is self-

similar with respect to the system S

We denote by I = {1, ..., m} the set of indices of the system 8, then I* = U I denotes the set

of all words ¢ = 41 ...4, of finite length in the alphabet I, called multi-indices. We Wlll use the notation
S; = Siijo..jn = 511 Sjs ... 5j,, and denote the Sj(K) by Kj. The sets Kj, where j = jij2...jn, are called
the pieces of order n of the set K.
The set of all infinite strings (or addresses) I = {3 = $102..., B; € I} is called the index space of the
oo

system 8. The mapping 7 : I°° — K that maps a sequence 8 € I* to the point z = |J Kp,. 3, is called
n=1

the address map for the attractor K. Then for each z € K, the set 77 1(x) is a set of addresses of the point
T.

Definition 2.2. [11, Def. 1.3.4] A critical set of the attractor K of the system § is the set C = {x : z €
Si(K)NS;(K), Si, Sj € 8} of points of pairwise intersections of pieces S;(K) of K. The set 0K of allx € K
such that for some j € I*, Sj(x) € C is called the self-similar boundary of the set K. Its complement in K
we denote by K.

Definition 2.3. We denote by T'(8) the ordinary intersection graph for K(8) which is is a graph with a
vertex set {K; : i € I}, and a pair of vertices K;, Kj is connected by an edge if K; N K; # @.

Theorem 2.4 ([10, 11]). The attractor K of a system 8 is connected iff its ordinary intersection graph T'(8)
s connected.
If K is connected, it is locally connected.

Throughout this paper we consider the case when the maps S; are the similarities and the attractor K
is connected. In this case we say K is a self-similar continuum.

We say that the system 8 satisfies one-point intersection property if for any non-equal pieces K;, Kj, i,j €
I of order 1 of the attractor K, #(K;NK;) < 1. We define the (bipartite) intersection graph for such systems:
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Definition 2.5 ([19]). Let a set K = K(8) be a self-similar continuum which possesses one-point intersection
property. The intersection graph I'(8) of the system 8 is a bipartite graph with parts X = {K; : i € I} and
P={p:pe KiNKj, i,jel,i#j}, and with a set of edges E = {(K;,p) : p € K;}.

We call K; € X white vertices and p € P black vertices of the graph T'.

Definition 2.6 ([14]). Let {8;; | i,j = 1,...,m} be a finite set of systems of contractive maps. Let T;; be

the operators defined by Ti;(A) = U Sijr(A). Then the family of compact sets
S,L-jkesij

m
i=1
is called the attractor of the graph-directed system {8;; | 1,7 =1,...,m}.

2.2. Dendrites

Definition 2.7. A dendrite is a locally connected continuum containing no simple closed curve. A self-similar
dendrite is a self-similar continuum, which is a dendrite.

We shall use the notion of order of a point in the sense of Menger-Urysohn (see [12, Vol.2, §51, p.274]) and
we denote by Ord(p, X) the order of the continuum X at a point p € X. Points of order 1 in a continuum
X are called end points of X; the set of all end points of X will be denoted by FP(X). A point p of a
continuum X is called a cut point of X provided that X \ {p} is not connected; the set of all cut points of
X will be denoted by CP(X). Points of order at least 3 are called ramification points of X; the set of all
ramification points of X will be denoted by RP(X).

We use the following statements selected from [3, Theorem 1.1]:

Theorem 2.8. For a continuum X the following conditions are equivalent:
1. X is dendrite;
2. every two distinct points of X are separated by a third point;
8. each point of X is either a cut point or an end point of X ;
4. each non-degenerate subcontinuum of X contains uncountable many cut points of X.
5. for each point p € X the number of components of the set X \ {p} = ord(p, X) whenever either of these
is finite;
6. the intersection of every two connected subsets of X is connected;
7. X is locally connected and uniquely arcwise connected.

Definition 2.9. For a finite subset A of a dendrite X, we denote by ~v(A) the smallest subdendrite of X
containing A. Particularly ~y(x,y) denotes the unique subarc in X with endpoints x,y.

Theorem 2.10 ([19, 1]). Let a set K = K(8) be a self-similar continuum which possesses one-point inter-
section property. If the intersection graph T'(8) of the system 8 is a tree, then its attractor K is a dendrite.

Definition 2.11. Let K be a self-similar dendrite with a finite self-similar boundary OK. The minimal
subdendrite v C K containing 0K is called the main tree of the self-similar dendrite K.

2.8. Fractal squares

Definition 2.12. Let D = {dy,...,dn} C {0,1,...,n — 1}2, where n > 2, and 1 < m < n?. A fractal
square of order n with a digit set D is a compact set K C R?, satisfying the equation

_K+D
N n

K

(2.1)
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The equation (2.1) will be often used in its equivalent form nK = K + D. Since the unit square P = [0, 1]?
satisfies the equation nP D P + D the set K is contained in P.

(0,4)

(0,1)

(0,0)

Figure 1: A fractal square (right) and the set D + P (left) The elements of D are marked by black points.

d.
The equation (2.1) defines a system 8 of homotheties S;(z) = Tt * where i € I = {1,...,m}, and the
n
D+ A
Hutchinson’s operator T of the system 8 is defined by the equation Tg(A) = i .
n

Definition 2.13. For any k € N, the k-th refinement of the system 8 is a system 8¥ = {S;,i € I*}, where

x + d;

Si(x) = R and d; = nk_ldil + nk_2d¢2 + ...+ dik-

The system 8¥ represents K as a fractal cube of order n* with the digit set D* = n* " 1D+n*2D+ ...+ D

ds Dk + A
and pieces - > The Hutchinson operator Tsk of the system 8* is defined by the equation Tsk (A) = -]L_ .
n n
n .
Each infinite string i = iyiy ... € I°° defines a unique point z = 7(i) by the formula 7(i) = > —F.
k=17

Remark 2.14. From now on, unless otherwise specified, by the words "fractal square K" we mean " fractal
square K of order n with a digit set D". If a fractal square is a dendrite, we call it a "fractal square dendrite”
and use abbreviation "FSD" which usually would mean "a fractal square dendrite of order n with a digit set
D".

3. The intersections of the pieces of a fractal square

In Subsection 3.1 we consider the face intersection sets F, (Definition 3.4) and show that the pieces of a
fractal square intersect by homothetic images of these sets F (Proposition 3.6) and find the equations for
these sets (Theorem 3.7). In Subsection 3.2 we obtain the conditions under which the side intersection sets
F,, are singletons (Corollary 3.10).

3.1. The faces K, and the face intersection sets F,, of a fractal square
Definition 3.1. We denote by A the set {—1,0,1}2 of 2-tuples o = (a1, a).

There is a one-to-one correspondence between the set A and the set of faces of the unit square P = [0, 1]°.

Definition 3.2. Fach a € A = {—1,0,1}?, defines a unique face P, of the unit square P by the equality
Pyo=PN(P+a).
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The symmetry of opposite faces of P is expressed by the equalities
Po=PNn(P+a)=(P-a)NP)+a=P_,+a

There is an order relation C on the set A which is order isomorphic to the inclusion ordering O of the
faces of P.
Definition 3.3. Given a = (j12), B = (B162) € A, we write o« C 3 if oy; # 0 implies 5; = oy, and a; =0
implies B; # 0.

Obviously, a C B iff P, O Pg. The maximal elements of A with respect to the relation T are (1, %1),

so the faces P_1 _1y, P1,—1), P(~1,1), P(1,1) correspond to the respective corner points (0,0), (1,0), (0,1), (1,1)
of P.

Definition 3.4. The face Ko of a fractal square K is the intersection K N Py.
We call the intersection of opposite faces Ko N (K_o + @) the face intersection set Fy,.

P+(0,1) P+(1,1) ) L

I~
Dq,
Po,1) P11
(n—1)P
P P+(1,0) . ——
P Pa
(1,0) ]

Figure 2: The sets Py and Dg.

Proposition 3.5. The face K, of a fractal square K satisfies the equation nKqo = Ko + Dq, where Do =
DN (n—1)P,.

Proof. Note that n(KNPy) = (K+D)NnPy. For any d; € D, (d;+ K)NnPy, is empty unless d; € (n—1)Pq.
Therefore d; € D N (n — 1)Py. At the same time, (d; + K) NnPy = d; + Kq, s0 Ko = Ko + Dg,. O

If we project K to the coordinate axis orthogonal to a, we obtain a fractal 1-cube or a fractal segment

with a digit set proDeq.

Proposition 3.6. Let K be a fractal square.
1. Foranya € A, KN(K+a)=Fy=F 4+ a;
2. Ifi,jeIrF i+#j and K; N Kj # @, then di — d; = a for some o € A, and

di+Fa

nk

K;n Kj =
Proof. 1. Since PN P 4+ o = Py, = P_4 + a, we have the chain of equalities
KN(K+a)=KaN(K_ag+a)=Fy=F_4+a.

2. Note that S; '(K; N Kj) = KN S; ' (K;) = K N (K +dj — d;). Since by Definition 2.13, d; — d; € Z*,
the last two squares are adjacent only if dj — d; is equal to some o € A. In this case, K N (K +dj — d;) = Fa.
di + F
Therefore K; N Kj = Sj(Fa) = ! +k <. O
n
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From the Proposition 3.6 one sees that for any fractal square there are only 4 possible types of intersections
of its adjacent pieces of the same size. Any of these intersections is the image of Fig, Fp1, F11 or F_; 1 under
some map S;. The sets F1 and F_1; correspond to the intersections of opposite corners and therefore are
either singletons or empty sets.

For any i,j € {—1,1} the set F}; is a singleton {(7,7)} if
(n—1) (@ m) € Dy and (n—1) <7i+1 _jH) € Dg, otherwise it is empty.

202 2 02
The sets Fig, Fy1 correspond to vertical and horizontal adjacency of pieces. These sets are the intersections
of opposite sides of K, which are fractal segments.
The equations for the sets F, are given by the following theorem.

Theorem 3.7. For o € A\ {0} the set Fo, satisfies the equation

Fg+ Gap
Fo= ngJa = (3.1)
where Gog = Do N (D—q + no — B).
Proof. By Definition 3.4,
nFa =nKq N (nK_o + na) = U (K +di)N (K +dy + na) (3.2)
d1,d2€D

(K +d1) N (K 4+ ds + na) # @ implies that do — d; + na = 3 for some 3 € A.
Taking i-th coordinate for all entries of the last equality, we obtain that

doj — dyi +noy = f;

The relations «;, 8; € {—1,0,1} and |d2; — d1;| < n — 1 imply that:

1. if a; = 1 then S; > 0, therefore 8; = «a; and do; — d1; = n — 1;

2. if a; = —1 then §; < 0, therefore 8; = «; and do; — d1; = 1 — n;

3. if a; = 0 then do; — di; = B; which may be —1,0 or +1.

By Definition 3.3, 3 3 «, and there are three possible choices of 3 if {a1, a2} 3 0.

From the other hand, the equality d; = dy + na — 3 shows that d; belongs to the set D N (D + na — 3),
which we denote by Gag.

For each di € Gag, (K +di) N (K +dy +na) = (KN (K + B)) +di = Fg + di. The last equality shows

that nFy, = U Fg+ Ga,@- O
Bl

8.2. The cardinality of intersections of fractal segments

An argument similar to that of Theorem 3.7 gives the intersection formula for fractal segments:

Ki+D Ko+ D
Proposition 3.8. Let K1 = A1t and Koy = A2+ M be fractal segments. The set Fy = K1 N Ko
n n
satisfies the equation

_ F0+G0UF_1+G_1 UF1+G1
n n n

where for any a € {—1,0,1}, G, = D1 N (D2 —a) and F, = K1 N (K2 + a).

If F1 # & then 0 € Dy and (n— 1) € Dy, and Fy = {1}.

If F_y # & then 0 € Dy and (n — 1) € Do, and F_; = {0}. O

Fy

i

Let Ky and K> be fractal segments of order n with digit sets D1 and Dy such that 0 € Dy andn—1 € Do
and therefore 0 € Ky and 1 € Ko. If k € Dy and k — 1 € Dy, then k/n € K; N Ky and this point is called a
junction point of K1 and K.
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Ki+D Ko+ D
Corollary 3.9. Let K1 = A1t and Ko = % be fractal segments.

(i) If #Go > 1, then the set 7%'0 1s uncountable.
(ii) If #Go < 1, then only one of the sets F_1, Fy is non-empty and Fy is countable.
(iii) The set Fy is finite in the following cases:
(a) #Go =1 and (F_1 + G_l) U (F1 + Gl) =J;
(b) #Go=0and (F_1 +G_1)U(F1+Gy) # 2.

F;, + G;
11 G are finite.

Proof. Since for i € {—1,+1},#F; <1 the sets

n
(i) Note that if #Go > 1, then Fj contains the set Qo defined by the equation nQy = Qo + Go, which is
uncountable.

(ii) Suppose #Go =1, i.e. Go = {dp}, and (F1 + G1) U (F_1 + G_1) # @.

d d F F_ _

- _0 . denote the fixed point of the homothety Sy, () = z —; % For any x € (F+G) Un( 1+ G-

20 — do
nk

Letc?o =

the set Fy contains a sequence xj = + Jo. Therefore Fj is an infinite countable set.

(iii) In the case (a) we get Fy = {do}, therefore #Fy = 1.

In the case (b) nFy = (F1 + G1) U (F_1 + G_1), thus #Fy = #F) - #G1 + #F_1 - #G_1 < oc. O

Corollary 3.10. The set Fy is a singleton if
(a) #Go =1 and #F, - #G1 + #F_1 - #G_1 = 0; or
(b) Go =@ and #F, - #G1 +#F 1 - #G_1 = 1. O

4. The self-similar boundary and the main tree of a fractal square dendrite

Proposition 4.1. If a fractal square K is a dendrite then it possesses one-point intersection property.

3.3 I I 3 i % % I E 2 i3
E:: 23 :::23 oHE =HE =
HE HBE HE =oHE -3

3.3 I I 3 i3

3 3 I 3 I I ] 3 ] 3 ]
::::3 E::::4 ::::3 =223 ::::3
HE HE HE =:2:3 =

3 3 I 3 I I 3 ] I |

Figure 3: A fractal square with a full side intersection.

Proof. The intersection KjN Kj of two pieces of a fractal square dendrite is simple-connected, therefore it is
either a point or a straight line segment.The last is possible when K; N Kj is a full side, because a fractal
segment L contains a segment if and only if L = [0, 1].

Suppose K is a connected fractal square which has a full side intersection of its pieces. Then, up to
rotation, K contains [0, 1] x {0,1}. An example is shown on the Figure 3.
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In this case the set D contains a subset {0,...,n — 1} x {0,n — 1}, therefore K contains a subset L =

K+ (0,k
[0,1] x{0,1/n}. For each of the sets Ko, = E+0k)
n
By connectedness of K there is a path g C Ko connecting these segments.
The union L U~ N yp—1,0 contains a closed curve, hence K is not a dendrite. O

, the intersection Ko, NL is a pair of parallel segments.

Corollary 4.2. A fractal square K is a dendrite if and only if its bipartite intersection graph is a tree. [

Consider the set A = {—1,0,1}? of all faces of a square. For a fractal square K with a digit set D we
define the set
Ap ={a € A\{(0,0)}: DN (D + o) # T}.

The set Ap is the set of those o € A for which there are the pieces K;, K; such that d; — d; = o and
therefore having common boundary points. For such pieces, their common boundary is S;j(Fo) = S;(F_a).
The following statement is obvious:

Proposition 4.3. The self-similar boundary 0K of a fractal square K is the union

0K = | Fa (4.1)

acEAp

Note that for any piece Kj of K, the topological boundary of Kj in K is a subset of Sj(0K). Thus, if a
path v C K has endpoints a € K; and b € K \ Kj, then « contains a point of S;(0K).

Theorem 4.4. Let K be a FSD which is not a line segment. There are the following types of the self-similar
boundary 0K :
If OK = Fo UF_o UFgUF_g then OK is of
type A if a = (1,0), 8= (0,1);
type B ifa = (1,1), B = (1,-1);
type C if a = (1,1) or (1,—1),8 = (1,0) or (0,1).
For type D, 0K = F(l 0 (-1,0) Y F(O,l) U F(O,fl) UFlgUF_g,
where B8 = (81, B2) = (1,1) or (1,-1).
For the types A, B, C the set 0K consists of 4 points. The type D boundary 0K consists of 6 points D6
or, in degenerate case, of 3 points D3.

\//-\

The degenerate case D3 arises if there is a € {(1,0),(—1,0)} and 8 € {(0,1), (0, —=1)} such that F, = Fg.

Proof. If for some o € A the self-similar boundary 0K = F, U F_4 then K is a line segment with endpoints
in F, and F_,,

If the set Ap contains (1,1),(1,—1) and @ = (0,1) or a = (1,0), then #G¢4 = 2, so by Corollary 3.9,
F,, is uncountable, which is impossible if K is a dendrite, therefore &« ¢ Ap. All other possibilities are
enumerated for the types A, B, C, D.

For the type A, the set K can consist only of four points. If one of these points is a corner point, then
OK contains exactly two corner points that are the endpoints of some side of P and three points of 0K lie
on this side.

Suppose JK contains 3 corner points, say, (1,0),(0,0) and (0,1). It implies that F(; _;) # @. If so,

the set D :L_ P is connected and contains the points (1,0) and (0,1). We assert that in this case G(_y1) =
(DN (D+(1,-1)) # 2.
Indeed, let D’ be a subset of D that satisfies the following conditions:
1. The set D’ + P is connected;
2.D'Nn(D'+(1,-1) =g
3. (0,n—1)e D
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Then D' is equal either to {0} x {k,...,n—1} or to {k,....,n— 1} x {n — 1} for some 0 < k < n— 1. This
observation proves our assertion.

So F(1,—1) # 9, (1,—1) € Ap means that we have the case D.

The same argument shows that in the case C the set K can consist only of four points. Case B is
obvious.

For the type D the set 0K = F(l,O) U F(fl,O) U F(O,l) U F(O,fl) U F(l,l) U F(,L,l). Let a € {(1,0),(-1,0)}
and B € {(0,1),(0,—1)}. Then the equalities Fy = F_g, Fig = Foig and F_o = F_,_g are equivalent and
0K = F_q UF, U Fpg.

This shows that for the type D the inequality #9K < 6 implies #90K = 3. We mark these two subtypes
by D3 and D6. O

As follows from Theorem 4.4, the self-similar boundary of a FSD consists of 3, 4 or 6 points.

Definition 4.5. Let K be a FSD possessing finite self-similar boundary 0K. The minimal subdendrite
4 C K, containing OK is called the main tree of the dendrite K.

We provide some statements concerning the main tree 4 of a self-similar dendrite K with a finite self-
similar boundary; see [18].
1. If z € 4 and for any component @ of K \ {z}, Q N 0K # &, then Ord(z, K) = Ord(z,5).
2. If z is a cut point of dendrite K, then either x € Sj(0K) for some i, or for any component @ of K \ {z},
QNIOK # o.
3. The set CP(K) of cut points of K is the union of all sets S;j(¥),i € I*. Therefore, dimy(CP(K)) =
dimg ().

5. The order of ramification points of a fractal square dendrite

5.1. Forbidden sets of digits for different types of fractal square dendrites

For each type of FSD there are combinations of digits which cannot occur in D* for any k. The following
Lemma considers such combinations. We say that a set Q) C 72 is forbidden (for the given type of K) if for
any k € Nand d € D¥, d+ Q ¢ D*.

Lemma 5.1. The following digit combinations Q are forbidden:

a) {(0,0),(1,0)} and {(0,0),(0,1)} for the type B ;

b) {(0,0),(0,1),(1,0),(1,1)} for all types except C;

c) {(0,0), ax, B, + B} for the type C;

d3) the triple {a1,a2,as} for the type D3, if 0K = {a1,a2,a3};

d6) the triples {(0,0), (51,0),08)}, {(0,0),(0,82),3)} for the type D6.

Proof. The case a) is obvious because for any a € {(0,1),(1,0)} the set Fy, is uncountable.

To prove that a set @) of integer vectors is forbidden for other types we verify that a set () + K contains
non-contractible closed loops.

(b) For the types A, D6 we suppose that a = (1,0),8 = (0,1), F_q = {(0,0)}, F_g = {(a,0)} where
a,b belong to the interval |0, 1[. Since one of the sets F(y ;) or F(; _y is empty, there is an open square

P
P = Tt , x € {(-1,-1),(0,-1),(—1,0),(0,0)} which has an empty intersection with @ + K. Denote
n

r1 = (a,0), 23 = (0,b), v3 = (a — 1,0), x4 = (0,b — 1). Let y(z1,22), (22, 73), 7(x3,74), ¥(z4,21) be the
unique subarcs in K, —a+ K, —a — 3+ K and —3 + K respectively. They form a loop in @ + K, which
encloses P;, and therefore is non-contractible.

P
If for the type A, Fo = (0,1), the square P, = Ttz has an empty intersection with @) + K for both

n
xz € {(—1,0),(0,0)}, the remaining argument is the same.
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T1

T2 0 To

I3

.’1317

C D3

Figure 4: Construction of non-contractible loops in forbidden combinations for the types A, C and D.

The same way the statements c), d3) and d6) are proved. We choose a vertex in ) + K, near which there

. r+ P . . . . .
is an open square P, = —— which has an empty intersection with () + K and then form a non-contractible

n
loop formed by subarcs y(x;, x;), which connect the boundary points of the sets ¢; + K. The choice of the
points and the arcs is shown on the Figure 5.1.

O

5.2. The order and the number of corner points

Theorem 5.2. Let K be a FSD. For any corner point a € K, Ord(a, K) < 2.

Proof. Note that for any piece Kj > a, the set K; \ {a} = Si(K \ {a}). Therefore, if @) is a component of
k

K\ {a}, then QN K; = S;(Q). Let Q1,. .., Q% be the set of all these components, then K \ {a} = | | Q; and
=1

J:
k k
0K \ {a} = || (Q; NOK), thus 0Kj; \ {a} = || (Q; N OK;). The number k of the intersections in the last

=1 i=1

equality is n(i greater than 3, because these int]ersections correspond to two sides and one vertex opposite to
the point a. Each of these intersections contains at most one point, and the same is true for the respective
intersections @; N OK.

Without loss of generality we may suppose a = (0,0). Thus, Q1N K19 = Fp if dio) €D, Q2N Ko = Fon
if d(O,l) € D and Q3N Ky = Fpy if d(l,l) eD.

For the type A, F1; = &, hence Ord(a, K) < 2. For the type B, Fiy = Fy; = &, therefore Ord(a, K) = 1.
For the type C, either Fig = & or Fy; = &, therefore Ord(a, K) < 2.

Suppose that the order of the corner point a = (0,0) is 3. Then the digits (0,0), (1,0), (0,1) and (1,1)
are contained in D. By Lemma 5.1, this is impossible.

This contradiction shows that in the case D, Ord(a, K) < 2. O

Now we consider how many corner points may be for each of the types A, B, C, D.

Theorem 5.3. Let K be a FSD.
If K is of type A, it can have two adjacent corner points of orders 2,1 or 1,1,
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or 1 corner point of order 1 or 2, or no corner points.

If K is of type B, it has four corner points of the order 1.

If K is of type C, it has two corner points, where each has order 1 or 2.

If K is of type D, it may have either two corner points of orders < 2 for D6 or three corner points of order
1 for the type D3.

)

Proof. K contains 4 corner points if and only if it belongs to type B. K has 3 corner points if and only if it
is of type D3. If K has 2 opposite corner points then it belongs to type C or D6.

As it follows from the proof of Theorem 4.4, if K belongs to the type A, it cannot contain a pair of
opposite corner points. Therefore K contains at most 2 corner points which are the endpoints of some side
of the square P.

Let these points be (0,0) and (1,0), then 0K = {(0,0), (a,0),(1,0),(a,1)}, where a = P
n —_—

{2 ,n — 2}. If the orders of both points (0,0) and (1,0) are equal to 2, then, because each of the pieces

-1+ K
— and no R should have two neighbors, {(0,1),(n — 1,1)} C D. In this case F{; ) is uncountable,

dpe
1anp

Wthh is 1mpg551ble Therefore the orders of these two corner points are 2,1 or 1,1.

The case B is obvious. In the case C the set 0K contains exactly 2 opposite corner points whose orders
are at most 2.

Suppose K belongs to the type D3 and its corner points are (0,0), (1,0) and (1, 1). If Ord((0,0), K) = 2,
then (0,0) has 2 neighbors. Therefore (0,0), (1,0) and (1,1) are contained in D. By Lemma 5.1, this is
forbidden.

The same argument may be applied to show that the point (1,0) cannot have the order 2.

For the type D6 there are exactly two opposite corner points in 0K. The examples show that each of
the combinations 1,1; 1,2 and 2,2 is possible. O

e

/

#/
S

Figure 5: A corner point of order 2 for the type C and two main arcs containing it.

Theorem 5.4. Let K be a FSD. For any x € K, Ord(z,K) <
If K is of type D and for any i € I*, x ¢ S;(0K), then Ord(z, ) <3
If K is of type D3 and x € 0Kj for some i € I* then Ord(x, K) < 3.

Proof. Let Ord(z, K) = I. Then there are [ Jordan arcs {y;}!_, in K, with a common endpoint  and such
that the arcs +; \ {z} are disjoint. There is an integer p > 0, such that for each +;, the diameter |;| is greater
than v/2nP. Bearing in mind Lemma 5.1, one sees that there are 1, 2 or 3 multi-indices i = i142..7p such
that = € Si(K).
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In the case (1), when such i is unique, each arc {7;} passes to one of the neighbour squares of order n?
for K; through one of the points of 0K;j (see Figure 6). Thus the number [ is no greater than the number of
neighbour squares for K; and the number of the points of 0Kj.

A similar argument applies to the case (2) when 2 € K;N Kj and lies on the interior of a common side of
squares S;(P) and S;(P) (see Figure 7) and to the case (3) when z is a common corner point of two or three
squares (see Figure 8). In these cases the number [ is no greater than the number of neighbour squares for
those Kj, that contain x and respective points of their boundaries.(1) Let x € K;. For the types A, B, C
the number [ < 4.

For the type D the number [ < 3. Indeed, choosing any quadruple among 6 possible neighbors of a piece
Kj, we get a forbidden combination.

%
T A [Z

2 4 5 ) 6
4 6 6 7
— |
4
3 ) 3
N~ N~——
3 3
1 1 2 2 1

Figure 7: Accessible neighbors of a point  on a common side for the types A, C and D6

(2) Let 2 € S;(0K) be an inner point of a common side of Sj(P) and S;(P). This is possible in the cases
A, C and D6 only.

In these cases the number of accessible neighbors of S;(P) U Sj(P) cannot exceed 4 by Lemma 5.1.

Figure 8: The orders of corner points for A, B, C, D6, D3.

(3) Let  be a vertex of S;(P). In the cases A, B, C and D6 the point  belongs to at most two pieces
K;, Kj, and in the case D3 the point = can belong to at most 3 pieces Kj, Kj, K as it is shown on the Figure
8.

By Theorem 5.2, the corner point x has Ord < 2 in each of the pieces. Moreover, for type B and D3 the
order of corner points is 1.



D. Drozdov, A. Tetenov, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 79-96. 91

Consequently, for the corner point Ord(z, K) < 4 in cases A, C, D6, Ord(z, K) < 3 in case D3 and
Ord(z,K) < 2 in case B. O

6. Classification theorem for fractal square dendrites

Proposition 6.1. Suppose K is of the type D6 and v is its main tree.
(i) for any x € 0K, Ord(x,v) < 2;
(i) for any x € v, Ord(z, K) < 3.

Proof. (i). For the corner points of K the inequality Ord(x,~) < 2 follows from Proposition 5.3.

For non-corner points x € 0K the argument of the proof of Theorem 5.4 implies that the order of z with
respect to v is less or equal to the number of neighbors of the piece K;. One can see from the Figure 7 that
any piece K;, marked on this Figure by red color, can have at most 2 neighbors, otherwise a forbidden set
of digits would appear. Thus Ord(z,~) < Ord(z, K) < 2.

\

Figure 9: Imaginable arrangements for the main tree v under the assumption that Ord(z,~y) = 4 for the type D6. The point
z is in the center.

(ii) Suppose there is z € 7 such that Ord(x,v) = 4. Theorem 5.4 implies that z = S;(K) N S;(K) for
some 7,j € I.
Consider first the case when z is a common corner point of two pieces S;(K') and S;(K), so z = S;(b) = S;j(a),
where a = (0,0) and b = (1,1). Denote also Fy 1 = {c}, Fo1 = {d}, F_10 = {e}, F10={f}.

%)

d b

5K F /®/
i(K) x/®/
&

For the points a, b it follows from Theorems 5.2, 5.4 that Ord(a,vy) = Ord(b,v) = 2. Therefore the set
v\ {a, b} consists of three components. We denote the closures of these components by 7o, Va, 75, so that
Y0 N7Ye = {a} and v9 N7, = {b}. The component -y contains the arc y(a, b) which divides P into two parts.
One of these contains the points ¢ and f, the other contains e and d, therefore = € y(a,b) and the set 7
contains one of the pairs of points ¢,d or ¢, f or e, f or e, d.

Consider the case when v9 D {e, f}. Then 7, = y(a,c) and v, = v(b, d).

Then the set g is the union of subarcs y(a,x), v(f,z), v(b,x) and (e, ).

These four subarcs intersect the set S;(0K) U S;(0K) at four different points S;(c), Si(e), S;(f), S;(d).
Therefore the intersections of these four subarcs with S;(K) U S;(K) should be different subarcs S;(v(c, b)),
Si(v(e,b)), Sj(v(f,a)), S;j(v(d)) whose interiors lie in different components of vy \ {z}. This is impossible,

a C
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because v(a, f) N~y(a,d) = vy(a, x).

Consider now the case when z lies on a common side of two pieces S;(K) and S;(K). In this case
Fo—1 = {c}, Fop = {d} so x = Si(d) = Sj(c). Denote also F_; 1 = {a}, F11 = {b}, F_10 = {e},
Fio={f}.

For the points ¢, d it follows from Theorems 5.2, 5.4 that Ord(c,~) = Ord(d,~) = 2.

Therefore the set v\ {c, d} consists of three components. We denote the closures of these components by
Y0, Ve, Yd» SO that v Ny, = {c} and y9 Nyg = {d}. The component 7y contains the arc v(c,d) which divides
P into two parts. One of these parts contains the points b and f, the other contains e and a, therefore
x € (e, d) and the set 7y contains one of the pairs of points a,b or a,e or e, f or b, f.

%)

./\SJ(K) ; g g

¢ . 7]
&

Consider the case when vy D {e, f}. Then v. = 7y(a, ¢) and v4 = (b, d).

Then the set vg is the union of subarcs (¢, x), v(f,x), v(d,x) and (e, x).

These four subarcs intersect the set S;(0K) U S;(0K) at four different points S;(e), S;(b), S;(f), Sj(a).
Therefore the intersections of these four subarcs with S;(K) U S;(K) should be different subarcs S;(v(c, b)),
Sj(v(c,e)), Si(y(a,d)), Sj(v(d, f)) whose interiors lie in different components of 7o \ {«}. This is impossible,
because v(a,d) Nv(d, f) = ~v(d, ). O

d b

a C

Theorem 6.2. There are only 7 types of main trees for FSD’s, as it is shown in the table below:

JEDENS WP G

5. 6. 7.

Figure 10: Seven types of main trees.

Proof. Let K be a FSD with the main tree . All its endpoints lie in 0K.
Suppose K belongs to the types A or C. By Theorem 4.4, the main tree ~ in this case can contain 2, 3
or 4 end points, which gives the patterns 1, 2, 3 and 4 on the Figure 10.
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If K belongs to the type B, by Theorems 4.4 and 5.3 the main tree has exactly four endpoints hence it
has the patterns 3 and 4.

If K is of type D3, then by Theorems 4.4 and 5.3 the main tree v has exactly 3 endpoints, hence it has
the pattern 2.

If K belongs to the type D6, then by Theorem 4.4 and Lemma 6.1 the main tree v may havedpoints fron
2 to 6 and for any z € 7, Ord(z,~) < 3, therefore v cannot have the form different from patterns 1, 2, 4, 5,
6 or 7 from the Figure 10. O

According to our search, the fractal square dendrites may be divided to 16 types depending on the form
of their main tree and the placement of the points of 0K on subarcs of the main tree as it is shown on the
table below.

AT

Figure 11: Classes 1 and 2. The tree types are 1-A and 1-C.

Figure 12: Classes 3 (2-A), 4 (2-A), 5 (2-D6) and 6 (2-D3)
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Figure 13: Classes 7(3-A), 8 (3-B) and 9(3-C)

4 Falie "4 ',
el "/‘.{:(‘4

Figure 14: Classes 10 (4-A), 11 (4-B), 12 (4-C) and 13 (4-D6)
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Figure 15: Class 14 (5-D6)

Figure 16: Class 15 (6-D6)

Figure 17: Class 16 (7-D6)
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