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Abstract

In this paper, the Lomov’s regularization method is generalized to a singularly perturbed integro-differential
equation with a fractional derivative and with a rapidly oscillating inhomogeneity. The main goal of the
work is to reveal the influence of a rapidly changing kernel on the structure of the asymptotic of the
problem solution and to study additional boundary functions that are generated by rapidly oscillating
inhomogeneities.
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1. Introduction

The development of an algorithm for the regularization method [1, 2] made it possible to consider prob-
lems with a spectrum lying on the imaginary axis [3, 4]. Initially, singularly perturbed differential equations
were studied by the regularization method, and then integro-differential equations with slowly varying kernels
[5, 6,7, 8,9, 10, 11]. The application of this method to singularly perturbed integro-differential equations
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with rapidly changing kernels and to nonlinear equations was not without complications. Since the integral
operator generates identically the zero point of the spectrum, along with the resonances induced by the
non-zero points of the spectrum, one has to take into account the so-called ”zero” resonances, which makes
the construction of an asymptotic solution of the problem more complicated. For this reason, linear integro-
differential systems with rapidly changing kernels [12, 13, 14, 15] were considered earlier, and nonlinear
systems were considered in the case of the absence of resonance [16]. On the basis of these results, the ideas
of the regularization method are generalized to singularly perturbed partial differential integro-differential
equations with slowly and rapidly varying kernels [16, 18, 19, 20]. However, all the described problems were
considered in the absence of fast oscillations, both in coefficients and inhomogeneities.

As is known, when studying the properties of media with a periodic structure, one encounters differential
equations with rapidly oscillating coefficients and inhomogeneities. Various methods have been developed
for solving such equations, one of which is the splitting method [21, 22, 23] and the regularization method
[1, 2]. However, in the splitting method, problems with an integral operator proportional to a small pa-
rameter are considered, which significantly narrow the scope of this method. In the well-known works of
the regularization method, problems were considered containing only rapidly oscillating coefficients for un-
known functions. The generalization of this method to singularly perturbed integro-differential equations
and rapidly oscillating components has not been considered before. The influence of such inhomogeneities
on the asymptotic of solutions is an interesting and non-trivial problem, which is studied in this paper.

Singularly perturbed differential, integral and integro-differential equations with rapidly oscillating co-
efficients is considered in [24, 25, 26, 27, 28, 29, 30]. In the papers [31, 32, 33, 34, 35, 36, 37], regularized
asymptotic solutions for linear singularly perturbed equations with rapidly changing kernels and rapidly
oscillating inhomogeneities are studied and constructed. And in the work [38], an integral equation with a
rapidly oscillating inhomogeneity is considered. An integro-differential equation of the Fredholm type with
a kernel depending on the solution of a singularly perturbed differential equation was studied in [39]. The
presence of the Fredholm integral operator and its type significantly affect the development of an asymptotic
solution algorithm, in the implementation of which it is necessary to take into account significant singular
singularities generated by the rapidly decreasing kernel of the integral operator. We show that the struc-
ture of essentially singular singularities changes when passing from a Volterra-type integral operator to a
Fredholm-type operator. If in the case of the Volterra operator they change with a change in the independent
variable, then the singularities generated by the kernel of the Fredholm-type integral operator are constant
and depend only on a small parameter. Singularly perturbed differential, integro-differential equations with
fractional derivatives - in papers [40, 41, 42, 43].

An initial problem is considered for a singularly perturbed integro-differential equation

Lez(z,e) = e2(® Jz2— [e s K(x,s)z(s,e)ds = (1)
= h(z) + ha(x )sm@, A0 e) = 0, x €m0, X, a0 >0

for unknown function z = {z(z,¢),...,2p(x,€)}, A(x) is (n X n) — matrix, h;(z) = (h1;(x), ..., hnj(x)) is
the known functions, 8'(x) > 0, u(z) <0 (Vz € [29,X]), 0 < a < 1, 2°— constant vector, £ > 0 is a small
parameter. The problem is posed of constructing a regularized [1, 2] asymptotic solution to problem (1).

According conformable derivative (see, [44]), we rewrite the original fractional order equation (1) in the
following form:

Lez(z,e) = ex(l- )g; - )z2— [e s K(x,s)z(s,e)ds =

(2)
= hi(x) + hao(z )Sln@, 2(wg,€) = 2°, x € [0, X].

Problem (2) will be considered under the following conditions:
1) A(x) € C* ([zg, X],C™™ ™), hy(z), ho(z) € C*° ([z0, X]|,C") ,K(z,s) € C®° ({xog <s <z < X},C"M");
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2) the spectrum {\1(z), ..., A\n(z)} of the matrix A(z), the frequency A\,q1(z) = —if8'(z), Ap2(z) =
= +if'(x) of the rapidly oscillating inhomogeneity and the spectral value A,y3(x) = p(z) of the rapidly
varying kernel satisfy at each t € [xg, X| the conditions:

a) Ai(z) # Aj(@), i # j, Aj(2) #0,0,5 = 1,n+ 3

b)ReAj(z) <0,j =1,n, Rehpys(z) <0, f'(z) >0

2. Regularization of the problem (2)

Denote by 0; = 0j(¢) independent of magnitude o = e~ éﬂ(:‘o), gy = = e éﬂ(zo), and introduce the
regularized variables:

=1 [0 Dr(0)d0 = Y j=Tn

o (3)
=1 n0)d0="2 i =TT T3

&

Zo

and instead of problem (2), consider the problem

L.Z(z,1,0,¢) = 533(1_0‘)% + > Az )8z 4 z(1-2) Z Ai(z )— — A(x)z—

Jj=1 i=n+1 (4)
z Lfp ©)dd (s) ha ()
f ° (:C, 3)’2(37 € 7075)d8 = hl(x) + 2271 (eTn+101 - eTn+202) ) 2(337 7,0, 5)‘36:10,7:0 = 2"
z0

for the function Z = Z(z, T, 0, €), where is indicated (according (3)): 7 = (71, ..., Tnt3), ¥ = (V1 ...; Ynt3). It
¥(x)

is clear that if Z = Z(x,7,0,¢) is a solution of the problem (4), then the function is Z = 2 (x , 0, 5) an
exact solution to problem (2), therefore, problem (4) is extended with respect to problem (2). However, it

cannot be considered fully regularized, since it does not regularize the integral

7 %mxn (6)do
Jz=J(2(x,7,0,8)|pms rmp(s)e) = /e ! +3 K(x,s)zZ(s, $(s)

o

,0,€)ds.

For its regularization, we introduce the class M. asymptotically invariant with respect to the operator
JZ (see [1], p. 62]). Consider first the space U of vector functions z(x, 7, o), representable by the sums
n+3

z2(x,7,0) = z0(x,0) + > zi(x,0)e™, zi(x,0) € C® ([xg, X],C"),i=0,n+3, (5)
i=1

Note that in (5) the elements of the space U depend on bounded in € > 0 the constant 0 = o(¢), which do
not affect the development of the algorithm described below, therefore, henceforth, in the record of element
(5) of this space U, for the sake of brevity, we omit the dependence on o.

Let us show that the class M, = U \Tzw(x) /e 1s asymptotically invariant with respect to the operator J.
The image of the operator J on the element (5) of the space U has the form:

7 1 [An (0)d0 Angs(0)d gfe(aﬂh\-(e)de
Jz (x,T) :/e sf i K (z,s) 2o ( ds—i—Z/ f i K(z,5)z(s)e ®0 ! ds+
o
n+3 T 1 x)\ 1 s .
2 [ Anys(0)do : [ 2i(0)do Ans3(0)d0
+ Z /e Sf +3 K (x,s)z (s)e ™ ds—/ f +3 K(z,5)z0(s)ds+
i:nJrle 7o

fwa@w L [ [0 (0)~An3(6)]a0
+Z /Ka:sz] 0 ds+

Jj=1
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nt2 1 f Ans(0)d0 LT ((0) = A1 3(0))d0 LT Anys(6)do
+ Z /K z,8) 2z (s)e o ds+e /K(x,s)zn+3(s)ds.
i=n-+1

zo

Integrating in parts, we have

L[ Anrs(0)d0 ’ L[ Xnrs(0)d6
(z,¢€) /Kmszo Esf () ds=¢ —K(x,s)z()(s)dessf w2
_)\n+3 (8)
zo
K (z,s) zo (s)eéfkn+3(9)d9 B B g/z 0 K (x,35) 20 (s) e%gkan%(@)d@ds B
—An+3 (8) 0s  —Ant3(9) N
S=xg o
[ K (@) 20 (a:o)jmfo s OB K (2,3) 2 () +€/z <3K($,5) 20 (8)>eifh+3(9)d9ds
An+3 (20) An+3 () s Apt3(s) ‘
o

Continuing this process further, we obtain the decomposition

1 xT
L[ Xnys(0)do

=) [(13 (K (2,8) 20 (5)) g€ ™ — Iy (K () 20 (8)))sx]
v=0

where . 1 9
”’1(1/ >1).

v JE—

V=—- . - -
07 Nz (s) 7 0 —Ays(s)ds O

Next, apply the same operation to the integrals:

f Anta(6)d0 L f 00D X (0)~Ant5(6))d0
Jj(x,e) = /K x,5)z;(s "o ds =

L [ [0 A, (8)~Anya(6)]d0
0 ds =

L[ Anys(0)d0 | ,
= ce zQ / K(x’ S)Z] (S) de T
s@7DN; (8) = A3 ()
o

K(x,s)z(s) l{) (6=, (0) A (6))db| -

1 f Ant3(0)d6
S@DX; (5) — Muys (5)

=ce %0

s=xo

B ] (8 K(x,s)zj(s) )eiz{) [9(“71)/\1(9)—>\n+3(9)]d9d8 _
ds s@=DN; (s) — A\pts (s)

o
. K(z,2)z(z) gz{) 0e=1) X, (0)do K (x, 1)z (z0) gzj(; Ant3(0)do
= e — e _
2D (@) = Angs (2) 2D (20) — Aues (a0)

S =

iofxn+s<e>d9j 9 sU=K (z,5)2(s) | 1000 -Auis@)as
- e
95 X () — Anrs (5)

L [ ot (0)a0

(IJ'-’ (K (z,5) 24 (5)))87906 0
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x
L[ Anys(0)do

—(IJ’-’ (K (z,5) 24 (8)))57 e o ] ,j=1,n

=x0

where . . 5
19 = LIV = —I""Yw>1).
Ts@TDN (s) = A (s) T s(()a_l)/\j (5) = Ang3 (s) Os
Next, apply the same operation to the integrals:
L [ Aura(0)do 1 f(Ai(e>—An+3<e>>d9
Ji (z,€) = e 0 /K z,8) 2 (s)e o ds =

. K( z) zi () e%zfo Xi(0)do K (z,20) 2 (x0) ngo An+3(0)d0 -
Ai () — Apys () Ai (20) — An+3 (7o)
L Asa@d0 T 1o K (28) 5 (s) \ LS OiO-Anra(0)as
—ece 0 /( : >e 20 ds =
95 N (3) — Anss (5)
o
= pertt | (v L[ A(0)do ) L [ Anss(0)do
=> (- (I} (K (x,5) 2i (8))) g—pe "© — (I} (K (2,8) 2 (5))) g—gy € ™
v=0
where ) . 5
70 = LIV = —I"Ywv>1,i=n+1,n+2

¢ )\z (S) — >\n+3 (S) T )\z (S) — >\n+3 (S) 0s "t

This means that the image of the operator J on the element (5) of the space U is represented as a series

L [ Anys(0))d0
Jz(x,7) =€ 0 /K x,8) zZnts (8) ds+
o
< L Awss(®)d
+ ) e G (K (2,8) 20 (5))) g € 0 — (I (K (,8) 20 (5))) =z | +
v=0

n

o
+ Z gvtl

j=1v=0

L foe-nx,0) L [ Anss(0)d0
I’ (K (x,s) zj (5)))3—16 0 do — (I]” (K (x,5) 2 (s))) e o +

= s=xq

,_\
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3. & : f Ai(6))do éf%m(@)d@
S (K (5) 2 (5))yge 0 — (I (K (2,8) 2 () gy €
=2 v=0
It is easy to show (see, for example, [45], pp. 291-294) that this series converges asymptotically for
€ — 40 (uniformly in = € [z¢, X]). This means that the class M, is asymptotically invariant (for & — +0)
with respect to the operator J.
We introduce operators R, : U — U, acting on each element z(xz,7) € U of the form (5) according to
the law:

Roz(z,7) = e™*3 /K(z,s)zn+3(s)ds, (6p)

zo

30 [0 (,9) 2 (5))) 0™ = (19 (K (w,9) 2 (5))) 7] + (1)
j=1
n+2
+Z [(I’O (K (x,8)2i(5))) ™ = (I (K (2, 5)2(s)) xoe“”}
1=1

+Z { (z,8)z (s )))szmo e — (IY (K (z, ) z (s)))s:xoe”*?’} + (6141)

n+2

DD [ (K ()70 ()) g™ = (0 (K (2, 8)20(5)) g ™)

Now let Z(x, 7,e) be an arbitrary continuous function on (z,7) € G = = [z9, X| X {7 : Rer; <0, j =
= 1,n + 3}, with asymptotic expansion

Z(z,T,¢€) ZezkxT zp(x,7) €U (7)

converging as € — +0 (uniformly in (x,7) € G). Then the image JZ (z,7,¢) of this function is decomposed
into an asymptotic series

Z(x,T,€) Zaszk (x,7) iETZT:RT_SZS(x,T”T:d)(x)/E.
r=0 s=0

This equality is the basis for introducing an extension of an operator J on series of the form (7):

s=J (Zs zi(x, T ) = Zsr (ZRr_ka($,T)> )
r=0 k=0

Although the operator J is formally defined, its utility is obvious, since in practice it is usual to construct
the N-th approximation of the asymptotic solution of the problem (2), in which impose only N-th partial
sums of the series (7), which have not a formal, but a true meaning. Now you can write a problem that is
completely regularized with respect to the original problem (2):

Le3(e7,0,€) = a0 G 4 35 () 4207 5 M) &
=1 i=n+1 (8)

—A(x)z — Jz = hi(x) — 2ih2(:v) (e™+1o1 — €™ +209), Z(z0,0,0,¢) = 2 x € [zg, X].
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3. Solvability of the general iterative problem in the space U

Substituting the series (7) into (8) and equating the coefficients of the same powers of ¢, we obtain the
following iterative problems:

Lz(x,1,0)= Y. 2 a— 4 217 Z iz )% — A(x)zp — Rozo =
7=1 i=n+1 (90)
= hi(z) — gho(z) (€701 — €™+203) , z(20,0) = 2%;

d
Lai(w,7,0) = =20 4 Rizo, 21 (w0,0) = 0; (1)
0z
Lzy(x,7,0) = (= )a—l + Riz1 + Razo, 22(x0,0) = 0; (92)
_ (- 9%k-1 321« 1
Lzy(z,1,0) = + Rizo+ ... + Rizk—1, 21(20,0) = 0,k > 1. (9%)
Each iterative problem (9;) has the form
n n+3
Lz(z,1,0)= Z 88— ) S N(= ) — A(x)z — Roz = H(z,7,0), z(x0,0) = 24 (10)
j=1 i=n+1

where H(x,7,0) = Hy(z,0) + Z H;(x,0)e™ is the known function of space U, z,— is a the known constant

vector of the complex space (C" and the operator Ry has the form (see (6,))

n+3 z
Roz = Ry (zo(x, o)+ Z zi(x, 0)6”) £ oTn+3 /K(m, $)zn+3(s)ds.
i=1 2

We introduce scalar (for each z € [zg, X]) product in space U:

n+3 n+3 n+3

<u,w >=< uo(az)—l-Zuj( )e™ wo(x —f—Zw e’ >EZ (uj(z),w;(x))
j=1 Jj=0

where we denote by (x,*) the usual scalar product in the complex space C" : (u,v) = u - v. Let us prove
the following statement.
n+3
Theorem 3.1. Let conditions 1), 2a) be fulfilled and the right-hand side H(x,7,0) = Ho(x,0)+ ) Hj(x,0)e’
j=1
of equation (10) belongs to the space U. Then the equation (10) is solvable in U, if and only if

< H(z,7),xi(z)e" >=0, i=1,n Vx € [z, X]. (11)

where x;(z) are the eigenvectors of the adjoint matriz A*(z), corresponding to the eigenvalues \i(x),i = 1,n.
Proof. We will determine the solution of equation (10) as an element (5) of the space U :

n+3

z2(x,7,0) = z0(x,0) + Z zj(x,0)e™. (12)

J=1

Substituting (12) into equation (10), and equating here the free terms and coefficients separately for identical
exponents, we obtain the following equations of equations:

—A(z)zo(z,0) = Ho(z,0), (13p)
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(Nj(@)] = A(z)] 2j(z) = Hj(x,0), j = 1,n, (135)
[m(l_a))\i(a@)l - A(x)} zi(z,0) = Hi(z,0), i=n+1,n+2, (13;)
[x(lfa)kn+3(x)]'_-[4tpﬂ zn+3(m,0) —-jsz(x,s)zn+3(s,o)ds ::f{n+3($70). (13n+3)

Since the detA(z) # 0, the system (13p) has a solution
20(z,0) = —A"Y(z)Hy(z,0) € C* ([z0, X],C").

Since det[z(1=®)\;(2)I — A(z)] # 0 Va € [z0, X],i = n+ I,n + 2, the systems (13;) has a solution
-1
2i(z,0 = [x“*am(a;)f - A(m)} Hi(z,0) € C (Jzo, X],C"), i=n+1,n+2.

Since det[z(1=®) )\, 3(x)] — A(z)] # 0 Vz € [z, X], the system (13,,13) can be written in the form

T

Znas (@) :gc{ ([:L'(l_a))\n+3(l')l - A(;p)}*l K(x, s)) Znt3(s)ds+ (14)

+ [2 N (@) — Ax)] " Hops(2).

Due to the smoothness of the kernel [m(lfa) An3(2)] — A(z)] - K (z, s) and inhomogeneity [:c(lfo‘))\mrg(x)[ -
—A(x)] " Hpy3(z), this Volterra integral system has unique solution z,3(x) € C* ([zo, X],C").
The system (13;) at j = 1,2,...,n is solvable in the space C* ([zg, X], C") if and only if the identities

< H(z,7),xj(x) >=0, j=1,n V&€ [zo,X]

hold. It is easy to see that these identities coincide with the identities (11). Thus, condition (11) is necessary
and sufficient for the solvability of system (10) in the space U. O

Let ¢r(z) be the eigenvectors of the matrix A(z), corresponding to the eigenvalues A\g(z),k = 1,n.
Moreover, the system {yg(x)} is biortonormal with respect to the system {x;(x)}, i.e.

(or(2), xj(x)) = { (1):]; 7:,5 :;7

Remark 3.2. If identity (11) holds, then under conditions 1), 2), equation (10) has the following solution

i the space U :
2(2,7,0) = 20(2,0) + iy [m(@)on(@) + S0y i 7oty (@)] e+
n+2 _ 15
+ > [x(l_a))\j(x) —)\n+3(x)] 1Hj(x,0)e7'j + zZnts(z, 0)e™ 3 (15)
j=n+1

where n(z,0) € C ([xg, X|,C"), are arbitrary function, k = 1,n, zp43(x,0) is the solution of an integral
equation (14).

4. The unique solvability of the general iterative problem in the space U. Remaining term
theorem

As can be seen from (15), the solution to system (10) is determined ambiguously. However, if it is subject
to additional conditions:

z(xg,0) = 2%,
(16)

< —20=98 4 Ry + Q(u,7), x(2)e™ >=0, k=T,
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n+3
where Q(z,7) = Qo(z) + > Qj(x)e™ is the known function of the space U, z*— is a constant vector of the

complex space C", then problem (10) will be uniquely solvable in the space U. More precisely, the following
result holds.

Theorem 4.1. Let conditions 1) and 2a) be satisfied, the right-hand side H(x,T) of the system (10) belongs
to the space U and satisfies the orthogonality conditions (11). Then system (10) under additional conditions
(16) is uniquely solvable in U.

Proof. Under condition (11), system (10) has a solution (15) in the space U, where the functions n(x) €
C* ([zo, X],C™), k = 1,n are still arbitrary. Subordinate (15) to the first condition (16), i.e. z(xg,0) = 2.
n

We obtain > ni(zo)ek(xo) = z*, where is denoted:
k=1

n n

2t =zo + A N wo)Ho(zo) — > X (ffllﬁf\zommo)) @s(T0)—
k=1 s=1,s#k %0 k(20)=As(20)

— [PAng1(@o)T = A(0)] ™! Hnp1 (20) — Anga(@o)I — A(20)] ™" Hpa (o).

Multiplying the scalar equality Z Nk (x0)pr(zo) = 2* by xs(xo) and taking into account the biorthogonality
of the systems {¢x(z)} and {X]( )} we find the values

77k:(930) = (Z*aXS(QjO)) 7k =1,n. (17)

Let us now subject solution (15) to the second condition (16). The right side of this equation:

—z(1= )aa + Rizo+ Q (z,7) = —2(x) = > (aw(@)op(x)) €™~
k=1
_ - (Hg(x), xs(2)) /eTk _ /eTn+1_
s:%k(w(“‘%@) LD —0i0) ¢ = (s = A Ha ()
— (Png2(@)] = A@)] " Hoya (@) €757 + 2 g(x)e™ 5+
& K(m, me(@)en(@) o K, zo)m(zo)en(zo) .,
" Z [ DA () — Anys() 2o D\ (z0) — Ant3(20) -
K(z,2)zn1(2) - .0 K@ 20)zm41(0) - ., K(z,x)zn42(2) oTn+2 _ (18)
An1(2) = Any3(z) Ant1(20) = An+3(20) Ant2(2) = Any3(2)
K(z,wo)2n+2(w0) ... Kz O)ZO($O)GT"+3 ~ K(z,2)20(2) -
Thr2(0) —Aess@0) - T Auss(ao) Mzs(w) OO

Now multiplying (18) scalarly by xx(x)e™, k = 1,n, we obtain the system of ordinary differential equations

Th(@) + [(¢h (@), e () + i# (Gt =) (¢l (@), xu(2)) -

s=1,s

796("‘*1);:((;){)/\n+3(x) ((,Ok(x), Xk(l‘))]nk (l‘) + (Qk(ﬂf), Xk(m)) =0,k=1,n.

Adding the initial condition (17) to it, we can uniquely find the functions ay(z),k = 1,n and, hence,
construct a solution (15) of the problem (10) in the space U in a unique way. O
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Applying Theorems 3.1 and 4.1 to iterative problems (9%), we find uniquely their solutions in the space
U and construct series (7). Just as in [45], we prove the following statement.

Theorem 4.2. Let conditions 1) — 2) be satisfied for system (2). Then, for e € (0,e0](e0 > 0 is sufficiently
small), system (2) has a unique solution z(x,e) € C([xg, X],C"); in this case, the estimate

l|z(x,€) — ZEN(l‘)’|C[x07X] <eneVU N =0,1,2,...

holds. Here z.n(x) is the restriction (at T = @) of the N-th partial sum of the series (7) (with coefficients
zip(x,7) € U, satisfying the iterative problems (9x)), and the constant ¢y > 0 does not depend on € at
e € (0,e9].

5. Construction of the solution of the first iteration problem

Using Theorem 1, we will try to find a solution to the first iteration problem (9p). Since the right-hand
side hy () — %ho(x) (6™ 10 — €7+205) of the system (9p), satisfy condition (11), this system has (according
to (15)) a solution in the space U in the form

2o(x,7) = 20 (@) + D @)k ()€™ + 2n i1 ()01 + 2o ()70 (19)
k=1

where 77,(40) (x) € C* ([xo, X],C") are arbitrary functions, k = 1,n, z(()o) (r) = =AY (2)h1(2),

1 ha(z) 1 hs ()

T (@) — s (@) ) T % T @) — s @)

Zn+1 («77) =

0

Submitting (19) to the initial condition zp(x,0) = z°, we will have

28 (wo) + > ) (20)pr(20) + 20y (20)01 + 24 g (w0)on = 20 &

k=1

& 3" 00 (20)en(wo) = 2° + A xo)ha(wo) — 20, (x0)o1 — 2y (20) -
k=1

Multiplying this equality scalarly by x;(zo),j = 1,n, uniquely we find a,(f) (z0) :

ny (20) = ((2° + A7 (@0)ha (o) = 2n41(20)01 — 2nra(®0)0) , X;(20)) b =T, (20)
For a complete calculation of the functions 77,(;)) (t), we pass to the next iterative problem (9;). Substituting
the solution (19) of the system (9¢) into it, we obtain the following system of equations:

d " d
_ (1) % 0 N _  (1-a)\ % [ (0) e_
Lzi(z,7) x 7520 () — = ;;1 o (nk (w)w(cc))e

—a d T, - d T
a2 gy @)orem™ = 207 (1 (@)ose™ 2 + Rizo =

=~ (@) — 207 3 (0 @)or(a) + 0 (@) pu(e) ) €7~
k=1

—1‘(1_&)2(0)

n1(@)ore™H — w(l_a)zr(t(22(l’)f72€%+2+
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>n,i () K (z, 20)n) (0)
+ Tk __ Tn+3 +
Z () = An+3(z) erlale 20 @D\ (w0) — Ay (o) Pr{o)e
K(m)zﬁ%(x) o E@050 @)
Ant1(@) = Angs(@) Nt 1 (@0) — Ansa(@0)
K (z,2)21), () R K(z,0)2005(m0)
A2 (@) — Angs(®) 2(@0) = Mugs(xa)

Performing here scalar multiplication by x;(x),j = 1,n, we obtain the following system of ordinary differ-
ential equations

d (0)
2(1-) M. (r)

x

K(z,x)
2@ DA (2) = A (@)

n [(abk(x),w» - <gok<m>,><j<x>>} 1@ (@) = 0.k = T,

Adding the initial condition (20) to this equation, we find 77( ) (x):

: - K(&,6) ]
a f [(qo’k(&)»X](f)) 5(0471))(%(5);)\71-;-2(&) (%k(ﬁ),xj(ﬁ))} i
11—
771({0) (z) = 77;(;)) (zg)e “o €

7k7j = 17n

and hence the solution (19) of the problem (9y) will be found uniquely in the space U. In this case, the
leading term of the asymptotics has the following form:

zeo() = —A7 +Z 20+ AN (wo)ha (20) +

1 h2($0) 01 g9 (o %
"2 2 ()\nﬂ(«’ﬂo) —Mt3(z0)  Anta(z0) — )\n+3($0)>> X 0)]

/ K(£.6)
o [(P1OX©) oy (wk(s),xj<s>)] v
_ f £ :(IfEi)L) Ant2(8) dg_,'_ég'@(a—l))\j(e)d@

Xpp(T)e *o -

1 ha(x) %fr“*%nﬂ(@)de
—— oie 0
20 Apy1(x) — Apys ()

1 ho(z) 1 f An+2(0)d6 .
— 0 k,7=1,n.
+2z‘ x(l—a)/\n+2(x) s (@) oge y Ry J s

+ (21)

6. Conclusion

It can be seen from expression (21) for zo(z) that the main term of the asymptotics of problem (2)
depends on rapidly oscillating inhomogeneities (see the exponent at e+, e™+2) and the fractional derivative
participates at the boundary layer (see, the exponent at €™, j = 1,n).

Acknowledgment

The authors are grateful to the anonymous referees for a careful checking of the details and for helpful
comments that improved this paper.



Musabek Akylbayev et. al., Adv. Theory Nonlinear Anal. Appl. 7 (2023), 01-13. 12

References

[1]
2]
3]

S.A. Lomov, Introduction to General Theory of Singular Perturbations, American Math. Soc. Providence (1992).

S.A. Lomov, L.S. Lomov, Foundations of Mathematical Theory of Boundary Layer, Izdatelstvo MSU (2011).

B.T. Kalimbetov, M. Mamatkulova, Asymptotic behavior solutions of singularly perturbed differential equations in the
case of change of stability, Bulletin KSU-math. 68 (4)(2012) 55-60.

M.A. Azimbaev, B.T. Kalimbetov, M. Mamatkulova, Uniform approximation of singularly perturbed systems of differential
equations in the absence of zero eigenvalues, Bulletin KSU-math. 72 (2) (2013) 3-9.

N.S. Imanbaev, B.T. Kalimbetov, D.A. Sapakov, L. Tashimov, Regularized asymptotical solutions of integro-differential
systems with spectral singularities, Advan. in Diff. Equat., 109 (2013). https://doi:10.1186/1687-1847-2013-109.

B.T. Kalimbetov, I.M. Omarova, D.A. Sapakov, Regularization method for singularly perturbed integro-differential systems
with rapidly oscillating coefficients in resonance case, Bulletin of KSU-math., 75 (3) (2014) 96-102.

B.T. Kalimbetov, M.A. Temirbekov, Zh.O. Khabibullaev, Asymptotic solution of singular perturbed problems with an
instable spectrum of the limiting operator, Abstract and Applied Analysis, Article ID 120192 (2012).

N.S. Imanbaev, B.T. Kalimbetov, L. Tashimov, Zh.O. Khabibullaev, Regularized asymptotical solutions of integro-
differential systems with spectral singularities, Advan. in Diff. Equat. 2013:109 doi:10.1186/1687-1847-2013-109 (2013).
B.T. Kalimbetov, M.A. Temirbekov, B.I. Yeskarayeva, Discrete boundary layer for systems of integro-differential equations
with zero points of spectrum, Bulletin KSU-math. 75 (3) (2014) 88-95.

B.T. Kalimbetov, B.I. Yeskarayeva, Contrast structure in equations with zero spectrum of limit operator and irreversible
spectral value of the kernel, Bulletin KSU-math. 78 (2) (2015) 56—64.

B.T. Kalimbetov, M.A. Temirbekov, B.I. Yeskarayeva, Mathematical description of the internal boundary layer for nonlinear
integro-differential system, Bulletin KSU-math., 75 (3) (2014) 77-87.

A.A. Bobodzhanov, V.F. Safonov, Volterra integral equations with rapidly changing kernels and their asymptotic integra-
tion, Sibir. math. journal, 2001, 192(8), 1139-1164.

V.F. Safonov, O.D. Tuychiev, Regularization of singularly perturbed integral equations with rapidly changing kernels and
their asymptotics, Diff. Equat., 1997, 33(9), 1203-1215.

A.A. Bobodzhanov, V.F. Safonov, Asymptotic solutions of Fredholm integro-differential equations with rapidly changing
kernels and an irreversible limit operator, Proceedings of the USSR Academy of Sciences. Ser. math., 2015, 59(10), 1-15.
Yeskarayeva B.1., Kalimbetov B.T., Tolep A.S. Internal boundary layer for integro-differential equations with zero spectrum
of the limit operator and rapidly changing kernel, Applied Math. Sciences, 2015, 141-144(9), 7149-7165.

A.A. Bobodzhanov, V.F. Safonov, Singularly perturbed nonlinear integro-differential systems with rapidly changing kernels,
Math. notes, 2002, 72(5), 605-614.

B.T. Kalimbetov, A.N. Temirbekov, A.S. Tulep, Asymptotic solutions of scalar integro-differential equations with partial
derivatives and with fast oscillating coefficients, EJPAM 13 (2) (2020) 287-302. doi.org/10.29020/nybg.ejpam.v13i2.3664.
B.T. Kalimbetov, O.D. Tuychiev, Asymptotic solution of the Cauchy problem for the singularly perturbed partial integro-
differential equation with rapidly oscillating coefficients and with rapidly oscillating heterogeneity, Open Math., 19 (1)
(2021) 244-258. doi.org/10.1515/math-2021-0021.

B.T. Kalimbetov, N.A. Pardaeva, L.D. Sharipova, Asymptotic solutions of integro-differential equations with partial deriva-
tives and with rapidly varying kernel, SEMR 16 (2019) 1623-1632. DOI 10.33048/semi.2019.16.113.

M.A. Bobodzhanova, B.T. Kalimbetov, G.M. Bekmakhanbet, Asymptotics of solutions of a singularly perturbed integro-
differential fractional-order derivative equation with rapidly oscillating inhomogeneity, Bulletin of KSU-math., 104 (4),
(2021), 56-67. DOI 10.31489/2021M4/28-34.

S.F. Feschenko, N.I. Shkil, L.D. Nikolenko, Asymptotic methods in the theory of linear differential equations, Naukova
Dumbka, Kiev (1966).

N.I. Shkil, Asymptotic methods in differential equations, Naukova Dumka, Kiev (1971).

Yu.L. Daletsky, The asymptotic method for some differential equations with oscillating coefficients, DAN USSR 143 (5)
(1962) 1026-1029.

A.D. Ryzhih, Asymptotic solution of a linear differential equation with a rapidly oscillating coefficient, Trudy MEI 357
(1978) 92-94.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Nonlinear singularly perturbed integro-differential equations and
regularization method, WSEAS Transactions on Math., 19 (2020), 301-311. DOI: 10.37394/23206.2020.19.30.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Asymptotic solutions of singularly perturbed integro-differential
systems with rapidly oscillating coefficients in the case of a simple spectrum, AIMS Math., 6 (8) (2021), 8835-8853.
DOI:10.3934/math.2021512.

B.T. Kalimbetov, V.F. Safonov, Singularly perturbed integro-differential equations with rapidly oscillating coefficients
and with rapidly changing kernel in the case of a multiple spectrum, WSEAS Transactions on Math., 20 (2021), 84-96.
DOI:10.37394/23206.2021.20.9

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Integro-differential problem about parametric amplification and its
asymptotical integration, IJAM, 33 (2) (2020), 331-353. doi.org/10.12732/ijam.v33i2.12.

B.T. Kalimbetov, V.F. Safonov, O.D. Tuychiev, Singular perturbed integral equations with rapidly oscillation coefficients,
SEMR, 17 (2020), 2068-2083. DOI 10.33048/semi.2020.17.138.



Musabek Akylbayev et. al., Adv. Theory Nonlinear Anal. Appl. 7 (2023), 01-13. 13

[30]
31]

[32]

[44]

[45]

B.T. Kalimbetov, V.F. Safonov, Regularization method for singularly perturbed integro-differential equations with rapidly
oscillating coefficients and rapidly changing kernels, Axioms, 9 (4) 131, (2020). https://doi.org/10.3390/axioms9040131.
B.T. Kalimbetov, V.F. Safonov, Integro-differentiated singularly perturbed equations with fast oscillating coefficients,
Bulletin KSU-math., 94 (2) 2019 33-47. DOI 10.31489,/2019M2/33-47.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Generalization of the regularization method to singularly per-
turbed integro-differential systems of equations with rapidly oscillating inhomogeneity, Axioms 10 (1) (2021) 40.
https://doi.org/10.3390/axioms10010040 - 22 Mar 2021.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Algorithm of the regularization method for a nonlinear singularly
perturbed integro-differential equation with rapidly oscillating inhomogeneities, Diff. Equat., 58 (3) (2022) 392-225.
DOI10.1134/50012266122030090.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Algorithm of the regularization method for a singularly perturbed
integro-differential equation with a rapidly decreasing kernel and rapidly oscillating inhomogeneity, Jour. Siberian Federal
University. Math. and Physics 15 (2) (2022) 216-225. doi.org/10.17516/1997-1397-2022-15-2-216-225.

B.T. Kalimbetov, V.F. Safonov, D. Zhaidakbayeva, Asymptotic solution of a singularly perturbed integro-differential
equation with exponential inhomogeneity, Axioms, 12 (3) 41, (2023). https://doi.org/10.3390/axioms12030241.

A.A. Bobodzhanov, B.T. Kalimbetov, N.A. Pardaeva, Construction of a regularized asymptotic solution of an integro-
differential equation with a rapidly oscillating cosine, Jour. of Math. and Comp. Science, 32 (1) (2024), 74-85.
http://dx.doi.org/10.22436 /jmcs.032.01.07.

D.A. Bibulova, B.T.Kalimbetov, V.F. Safonov, Regularized asymptotic solutions of a singularly perturbed Fred-
holm equation with a rapidly varying kernel and a rapidly oscillating inhomogeneity, Axioms 11 (41) (2022).
doi.org/10.3390/axioms11030141.

B.T. Kalimbetov, V.F. Safonov, E. Madikhan, Singularly perturbed integral equations with a rapidly oscillating inhomo-
geneity, IJAM 34 (4) (2021) 653-668. doi: http://dx.doi.org/10.12732/ijam.v34i4.5.

A.A. Bobodzhanov, B.T. Kalimbetov, V.F. Safonov, Singularly perturbed integro-differential systems with kernels depend-
ing on solutions of differential equations, Diff. Equat., 59 (5) (2023), 707-719. doi.org/10.1134/S0012266123050129.

B.T. Kalimbetov, Regularized asymptotics of solutions for systems of singularly perturbed differential equations of fractional
order, Intern. Jour. Fuzzy Math. Archive 16 (1) (2019) 67-74. DOI: http://dx.doi.org/10.22457 /ijfma.v16nla9.

B.T. Kalimbetov, On the question of asymptotic integration of singularly perturbed fractional order problems, Asian Jour.
of Fuzzy and Appl. Math. 6 (3) (2019) 44-49. DOI: https://doi.org/10.24203/ ajfam.v6:3.5600.

B.T. Kalimbetov, E. Abylkasymova, G. Beissenova, On the asymptotic solutions of singulary perturbed differential systems
of fractional order, Jour. of Math. and Comp. Science 24 (2022) 165-172. doi: 10.22436/jmcs.024.02.07.

M. Akylbayev, B.T. Kalimbetov, D. Zhaidakbayeva, Asymptotics solutions of a singularly perturbed integro-differential
fractional order derivative equation with rapidly oscillating coefficients, Advan. in the Theory of Nonlin. Analys. and its
Appl., 7 (2) (2023), 441-454. https://doi.org/10.31197/atnaa.1235557.

A. Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative, Jour. Comput. Appl. Math.
264 (2014) 65-70.

V.F. Safonov, A.A. Bobodzhanov, The course of higher mathematics. Singularly perturbed problems and regularization
method: training manual, Publishing House MPEI, Moscow, (2012).



	1 Introduction
	2 Regularization of the problem (2)
	3 Solvability of the general iterative problem in the space U
	4 The unique solvability of the general iterative problem in the space U. Remaining term theorem
	5 Construction of the solution of the first iteration problem
	6 Conclusion

